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INTRODUCTION 
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’rate^y"  w«r«  xai-j  by  J .  mi  .cn  Ne  xt ,ann  between  1^2b  ana 

r.e  pu:  * i cation  In  tne  tc-k  "The  ry  o:  Ga jr.ee  and  gem*  eilc 

e  -i  v  1  v  :  d>  vwr*  Nea  anr,  ana  Kcrgenstero  climaxed  rr.*.F  pioneer!:.,; 

::  it  i  .t  :  :  rat  j-art  T  tr.ls  .  .  *ne  In  ccn'erned  with  ce.T,ea 
l  r.  f.ni’e  number  f  ^r#  8tra*-ef,ee  with.  part! ~u-ar  emphasis 
r,  toe  "ter  —  e.xr.  tw^-pers  type  f  gane .  There  It  is  sn  wn 

-  '.a  ni-ht  lnet.n.eo  a  player  is  at  s  dl  sad /.rntage  11  he  always 
lays  tae  same  pure  stra.eg.,  an  i  t.nat  It  !  s  better  to  "rr.ix*  Me 
.r**  euaiegles  by  a  me  trance  device.  The  starting  pclnt  uf  all 
!  ■_  :."a!  -mi  r  ‘'.la  type  a!  ^  yne  *.  r  „ne  .eletr^ted  "Main  Theorem" 

-  M ln-Mix  T.’.e' r  em  m/i let.  le  •  caoert.ei  *itn  existence  and  properties 
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.  e  ien'fi  :  0.  .  vl  Br  >«r.  T  e  .  irat  nr  •/  .  f  an 


i  er.r  : 
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elanentarlsatlon  further  [i] .  At  this  la W  date  there  still 


continues  to  b«  a  n««d  for  a  truly  eleeantary  proof;  for  exaaple>4 


the  recent  book  of  Ncllnaey  on 


theory  [>J  omit  tad  a  self- 


sontalned  proof  because  non#  was  aval labia. 


*&! 

;7l 

•/•I 


Kuhn  £>]  In  hit  "Lectures  on  the  Theory-  of  Caaes"  gives  as  * 
bibliography  of  sons  of  tna  bat  tar  known  proofs  of  tha  Min-Max 
Thao  ran,  togathar  with  a  discussion  of  tnair  general  character- 
latlca  which  ha  broadly  classifies  Into  (1)  thcaa  baaad  on  ' 

adparatlon  propartiaa  of  convex  aata  and  (?)  thoaa  ualng  some  > 

y'i 

notion  of  a  fixed  point  of  a  trana  format  Ion.  Kuhn  in  [2]  and 
McKlnsey  in  provlda  proof  a  along  tha  lints  of  von  Jfauaann 


[Xj  baaad  on  a  separation  theoree.  Drashar  in  [^]  glvaa  a  aelf- ’  } 


contained  proof  along  tna  lifts#  cf  Villa,  da  waa  pointed  cut 


In  Weyl  [5]  .  tha  Mln-Jlax  The  eras  la  completely  algebraic  and 


•hould  be  given  an  algebraic  proof.  The  purely  algebraic  proofs., 


M 


wnan  aada  self-contained  and  elementary,  appear  to  be  quite  lohfxi 
[2],  [4] ,  [5],  and,  with  tha  exception  of  tfeyl'a  proof  fo]  #  **ke  *\ 


uaa  of  non-algebralc  concept!  aa  tha  minimum  of  a  continuous 


function  on  a  cloaed  bounded  eat  la  assumed  on  tha  tat.  All 


these  proof#  are  either  pure  existence  proofs  or,  froe  the 


viewpoint  of  practical  computations ,  non-censtructive. 


The  present  proof  has  tha  following  fsat  irts:  It  is  pureljr 
algebraic  (in  tha  spirit  of  keyl)  and  alaeantary  in  tha  sense  r * 

.  -  *.  v 

that  it  used  nothing  eora  advanced  than  tha  notion  of  an  invars#  ‘vg 


if  a  matrix.  It  Is  snort,  self-contained ,  and  non-induct  1  vs. 


•*rr 


V  > 


,  J  *  r‘‘n 
■ 


The  very  nature  of  tha  solution,  If  desired,  could  be  used  to  .rrf 

ad /an tag*  to  establish  well-known  theorems  regard  In g  tha  structure 

*  •  4§ 

of  the  class  of  optimal  atrataglaa.  It  la  a  apaclal  adaptation  .? 

%  #  a  *h 

•  « 

lor  gamaa  ol'  tha  almplex  method  uaad  for  solving  linear 

4 

programming  problems  [6]  .  Ae  aucn,  It  provldaa  perhaps  tha 


m~at  efflclant  maana  currently  aval  labia  for  axplicltly 
constructing  optimal  aixeu  atrataglaa  for  noth  player*. 


f  THE  WIN  -MAX  THEOREM 

It  :.aa  bean  found  convenient  In  a  part  of  tne  proof  tc 
compare  jertaln  vectors  "lexicographically."  T;i*  ter*  le 
torr-wed  fro®  an  alphabetically  ordering  of  words  (at  In  a 
ulct:  ria ry).  Tnue  a  vector  A  is  t reattr  than  B  (written  A  >  B) 
If  tr.e  first  co*cp  rent  „  f  A  la  greater  tr.an  the  first  component 
B.  If  tne  first  components  ore  the  same,  tnen  the  second 
:  np.r.ente  ire  .•.rap^red.  etc.  oe  i^re  precise  we  aay  A  >  B 

If  <  -  -  Bj  >o.  wr.ere  Dy  (A  -  b)  >  h  la  meant  that  (A  -  By  r.os 


n  n-zer 


.T.o'nents,  tne  flrai  f  w.\lcn  Is  p  altlve. 


het  -a.  ,  j  ;e  t  .*  payoff  mtcrix  :  3  finite  zero-am  two- 
•  * 

pers  g  ere  we''*  r!1  ,  la  t:.e  pay.  :  I  t  ;  Plnyer  I  (tr.e  maximizing 

a 

,  4jy*r)  wr  er:  f  ^yer  I  p*iyt  ,  ere  3lr  >«y  1  jr.i  F.ayer  II  (the 
minimi? 1  r  .  pi  ,  er)  pliyt  ;  .re  b’t- ’e,y  j.  P±  iyer  I  (in  order 


g  -i  r  i 


inf*  r  strategy  'cl:.. 


.n:  ..r^'-ses  a  mixed 


That  :  :ie  almp  .ex  me*  r.^-i  1:  h e  i  f  ^  old  oe  _r.ej  t -  :;r  ve  t. he  *• 

Ml :»-K..x  Theorem  »aa  first  pointed  .  .t  by  D<  r frran  (and  M.  Hublr.)  ^  J 

.'■'j.  Tnln  rape:-,  by  Inc  r^r  uh.,  r.athwda  f.  r  av3ldlnfc  "  degeneracy 
•  n:  y  1  ?,*  r  in  the  tlmp.ex  rich*  ,  p^ta  tne  pn -f  on  a  ^ 

.  -  *  c  *  ** .  v  :  . ,  .  r  v.e  f  ;und-  tin.  ‘ 


X 


strategy  (*1#  x2,  *•*,  x^)  where  *1  it  tht  probability  of  playing  " ' 
strategy  1;  accordingly,  Player  !'•  expected  payoff  becomes 
(£  if  tht  minimising  playar  plays  pura  strategy  J.  If 

a 

Playar  I'a  mixed  stratagy  la  found  out  ha  can  axpact  that  Playar 
will  ehooaa  J  such  that  Z  a. ,x.  is  minimum.  Thus,  Playar  I 
wlanaa  to  ehooaa  hla  x,  such  that  tha  smallest  such  sun  (which 
wa  will  denote  by  xQ)  la  a  maxinua.  For  similar  reasons  tha 


Playar  II  chcoaes  a  mixed  stratagy  y^,  y2,  • • • ,  yn  such  that  toe 
largest  sum  Z  (denoted  by  yQ)  Is  minimum.  Tha  Min-Max 

Tnai  ram  states  that  there  exists  a  choice  for  Playar  I  of  x^  •  Xj 

_  A 

and  a  choice  for  Playar  II  of  y^  •  y  <  such  that  tna  corresponding 

A  A 

xQ  ■  xo  is  tha  maximum  value  for  xc  and  tha  corresponding  yn  -  y 

A  A 

la  tna  minimum  value  for  yQ  and,  moreover,  xo  -  yc . 

value  of  x  and  y  Is  known  as  tha  "value"  of  tha  game. 

o  o 

To  establish  this  result  wa  shall  consider,  as  la  often 
dona,  a  related  linear  inequality  problem.  Let  x1  and  y^ 
satisfy  the  system  of  relatione 


•  V 


o  *0 
The  common 


y  a 


(1)  xt  >  0, 

(1-1, *•*,«);  (4) 

«< 

i. 

IV 

o 

m 

;  (^) 

n 

(2)  ±  x  *  1 

1-1  1 

Z  yJ  " 
J-i  J 

m 

»  (j-l#***.n);  (6) 

^  Xo  ^  ^*1^ 

^  alJyJ 

If  wa  multlpxy  (}) 

through  by  any  y.  satisfying 

(>1.  *••.«); 


^  y. 


(1-1. 


(6)  and  am  wltn  respect  to  J;  similarly  multiply  through  (6)  by 
any  x^  satisfying  (l),  (2),  (3)  and  aum  with  respect  tc  1,  one 


obtains  Immediately 


0  0 


J  -  f  j  xlauyJ  -  y« 


•o  that  ths  lower  bounds  xQ  never  txcssd  tn#  uppsr  bounds  jo . 

Ws  snail,  nowever,  construct  a  solution  x^  -  x^  and 
with  ths  property  that 


In  particular  (7)  holds  for  yQ  and  any  xQ  and  also  for  xQ  and 
any  yQ.  It  follows,  therefore,  that  *0  £  Fc  •  *c  <  yQ  and 

(9)  x0  -  Max  *Q  and  yQ  -  Min  yQ 


and  the  Min-Max  Theorea  would  be  demonstrated. 


J.  PROOF  OF  TMK  MIM-MAX  THEOREM 

We  shall  begin  the  proof  by  augmenting  the  matrix  of  the 
game  a,  f  and  consider  the  matrix 


The  columns  of  this  matrix  will  ba  denoted  P0;  ,  •••,  P^; 

(p  A  •  u^),  •••,  -  Ua)  where  Uj  are  unit  vectors  wltn  i 

In  the  (l  ►  1 ) s t  component.  It  will  he  convenient  to  arrange 


the  rows  of  th«  matrix  such  that 


(11) 


a.i  •  *n  • 


Let  B  (which  we  will  call  a  bails)  be  a  subset  of  (m+1 ) 


columns  of  (10)  (including  FQ  aa  first  column)  which,  considered 


as  an  n+1  square  matrix.  Is  non-singular  and  let  the  rows  of  the 

.  .r 

Inverse  of  B  be  denoted  by  £  where  1  •  0,  1,  •••,  m.  We  shall  )* 

further  require  that  B.  to  be  a  basis,  have  the  property  that 

each  row  (except  1  •  0)  of  the  Inverse  of  B  have  its  first 


tin 


non-sero  component  positive.  Thus  we  are  assuming  In  the 


lexicographic  sense  that 


(12) 


>  0 


(t  -  1,  2,  •••,«)• 


For  example,  we  may  choose  B  -  B  as  consisting  of  the  first 


two  colusma  of  (10)  and  the  unit  /actors  U^,  •••,  0  This 
near  identity  metre*  . 


Bo  *  fro'Pl’V"'Vl}  ■  Cp0-  Pl*  P; 


n*l  *  "  ’  ’Pnt«-1- 


Is  obviously  non-singular  and  possesses  a  simple  Inverse 


(u)  b; 


* 


Sr 


.•*  i 


-•<**  ’J..- '  v  " 


-V1 


•her#  b 1  -  a^  -  a^.  Baca use  of  (ll)  It  follows  that  b^  £  0 
and  our  aptclal  ltxl cographic  assumption  (12)  hoXda. 

Lat  tha  columns  of  a  g antral  baala  ba  danotad  by 


(1<0 


and  nota  that 


[P°'  V  V 


,  h 


itt  tha  condition*  •  O'  for  1  j*  k  and  -  1  N 

for  1,  k  »  0,  1,  •**,  a  (J0  •  0)  auat  hold  batwaan  B  and  lta 
lnvaraa.  Tha  0-row  of  is  a  a  ad  to  coaputa  tha  scalar  quantltlts 
for  J  •  1,  2,  •••,  n,  •••,  n  ♦  a.  Vs  shall  now  prova 

Thao ram 

If  for  all  J  ■  1,  2,  *  •  • ,  n  ♦  a 

05)  i  0 

than  tha  cgapontnta  of  tha  0-row  and  0-ooluan  of  BTa  yiald  tha 
required  optlaal  strategies. 

Proof.  Danota  tha  components  of  tha  O-row  of  B*"1  by 

(16)  -  K0f  ; 

tha  coaponanta  of  tha  0-col umn  of  I  by 

(17) 


{*•■  v  "•  *4 


We  shall  now  show  that  an  optimum  mixed  strategy  for  .Player  I 
la  obtained  by  setting  for  1  •  1,  2,  and  ona  for 


'  Oft 


.  -  -.M  . 


-  -  k  4 


0 


Player  II,  by  acting  for  <  n  and  - 

for  all  other  J  <  n.  Moreover,  tne  value  of  the  game  is  xQ  *  yc 
Indeed ,  for  Player  I,  it  la  easy  to  verify  the  condition 
0OPO  -  1  la  the  same  aa  (2);  moreover,  f}QPj  <  0  for  1  <  J  £  n 
are  the  same  as  (3),  while  for  n+1  <  J  <  n+m  ttiey  are  the  sane 
aa  (1).  For  Player  11,  the  lexicographic  property  of  the  rows 
of  B~*,  namely  >  0  for  1*1,  •  •*,  m  impllea  that  tne  first 
component  of  (which  by  definition  Is  y^)  l0  non-negative; 
thus,  (4)  is  satisfied.  Multiplying  B  on  the  right  by  O-column 

of  yields  (m+1)  linear  expressions  In  (y  .  y.  ,  ■ 

° 

which  may  be  equated  to  unit  vector  U  . 


A  \ 
*  y.  ) 


The  first  of  these  (m+l)  linear  equations  yields  (3)  since 

the  l#t  components  of  P,^  are  unity  for  1  <  £  n  and  zero 

otherwise.  The  remaining  m  equations  yield  the  Inequalities  (6) 

If  tne  terms  involving  >  n  are  dropped  (the  latter  are 

non-negative  because  y.  >0  and  tneir  coefficients  are  the 

J1 

components  of  the  unit  vectors  P^^).  Finally,  the  proof  is 
completed  by  noting  that  (to)  or  x  »  y  holds  since  both  are 


defined  In  (16)  and  (17)  as  the  (0,0)  element  of  B 


-1 


Constructing  an  Optimal  Bails 

It  is  clear  now  that  the  central  problem  is  one  of 
constructing  a  basis  B  with  the  property  tnat  ^cPj  <  0  *Qr 
j  •  i,  2,  n-Hs  since  this  in  turn  yields  an  optimal  mixed 

strategy  for  eacn  player.  We  shall  snow  that  if  some  basis  B 


■uch  u  Bq,  dots  not  have  tht  requisite  property  (15),  then  It 
is  easy  to  construct  froai  B  a  net  basis  B#  which  differs  fro* 

B  by  only  one  column  where  O-row  of  B*  (whlor.  we  denote  py  ) 
has  the  property  that 


ua) 


ft,  >« 


l.e.f  the  first  non-xero  component  of  (Po  -  £*)  is  positive. 

If  the  new  basis  B*  does  not  satisfy  (15)  then  tne  algorithm 

■A 

Just  outlined  for  B  is  iterated,  with  B  replaced  by  B#,  etc.  ’ 

Thie  process  generates  a  sequence  of  bases  which  terminates  wnen  ^ 

a  basis  is  obtained  that  has  tha  required  property.  Tnla  must  \ 

■/ 

occur  in  a  finite  number  of  atepa  alnce  the  condition  (18)  la  4 

a  strict  inequality  which  insures  that  no  basis  can  be  repeated 


and  the  number  of  different  bases  cannot  exceed  the  number  of  ;au3 

ways  of  cuooelng  m  columns  uut  of  n+a  from  (10).  The  O-coluan  •  JJ 

of  successive  bases  of  the  iterative  process  may  ba  Interpreted  ~ hm 

aa  a  auccesalon  of  improved  mixed  strategies  for  Player  II  for 
which  hla  expactad  loas,  yQ ,  if  his  opponent  is  playing  optimally^ 
la  decraaaing  to  a  mlnlimxn.  Indeed,  tht  components  of  the  first  V 
column  of  an^  basis  (aa  in  (17)  and  aequel)  satisfy  (*)  and  (5)  < 

independently  of  condition  (15),  while  yo,  the  flrat  component  ^ 

of  Is  non-lncreaaing  fror  basis  to  basis  by  virtue  Of  (18).  J 

*In  practical  computations  with  tne  simplex  method,  of  which  Ml 
this  la  a  variation,  tha  number  <f  iterations  la  usually  vary  small*7?: 
In  a  cast  wuare,  say,  m/2  of  pure  strategies  are  used  with  /jm 

positive  probability  in  an  optimal  mixed  strategy,  something  in 
the  order  of  m,  2  iterations  might  be  expected  before  an  optimal  ,v.|j 
basis  la  obtained.  ‘ 
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To  construct  B*  from  B  1st  P#  denote  the  column  of  (lO) 


•hlch  replaces  tht  r*  column  of  B  where  P  and  P.  art 

*r 

determined  by  tha  following  rules:  Choose  P  such  that 

0 


(19) 


*  "«  >  0  * 


In  case  the  choice  of  s  Is  not  unique,  then  choose  s  with  the 
smallest  Index  satisfying  (?3).  Next,  compute  the  column  vector 
V  satisfying  BV  -  P  .  It  Is  clear  that  components  of 


,  n+m) 


{v 


vl'  •• 


,  vB|  are  given  by 


(20) 


vi  -  Pip. 


(1  -  0, 


,  ») 


where,  In  particular  vq  «*  £  p^  >  0  from  (19)*  We  now  choose  to 

drop  from  B  that  column  P,  such  that  the  lexicographic  minimum 

Jr 

of  the  vectors  (l/v^)^  for  v^  >  0  la  attained  for  1  -  r.  Thue, 


(21) 


(l/vr)(3r  -  «ln(i/v1)^1  (vr  >  0,  v1  >  0) 


where  1,  r  f  0,  and  where  It  la  assumed  for  the  moment  that 
mere  la  at  least  one  v^  >  0.  The  minimizing  vector  la  easily 
attained  in  practice  by  finding  the  vector  wnoae  first  component 
la  the  least;  11  there  Is  a  tie,  then  one  passes  to  tht  second 
components  of  tne  tying  vectors  and  selects  the  least,  etc.  A 
relation  which  will  be  used  later  that  follows  from  (21)  Is 


-  (v1/vr)pr  >  o 


(^  >  o)  . 


•  **•.  r%  >,.♦  ..y.  £J f XT; ryff*ff3t '  '  -;*n 

\  *  “***.  "*  •■^  ■  •♦  •'*  -  v* •.••  ..•'jbJF}:'C\  ■  u  t  ’"  ,?j|B 

;’•  •  >v>’  ,•',*.»  pit  v  ^  ^  -  v*  ..P*j 

It  itplaaivf  roa  tha  Wmttora  o£  tha  yigMnm  Birtrtx  f 

^  "**•■”.  t  ■  *  <>  >-.v  /  *-  •*  •  ■  ■  Hr*  9*  '  *  —  .-  -i  ,  •»  *  yv 


;th.t.*»»  f»«  ^1*^-%  «*W 

caablaatlOn  of  th*  oth«hr  ««l<at» #j?  iM^ar, 

•4#a  *•  f*' *  W;* 


«“  *•«»»  othar  •*  pHMA  •  iftliyi  li^p 

of  *ol^.^ «at.^*W*  fktf§£&*: 

*  contractual.  •  :'“r 'V-  >>  ',Vv/.  .?  •  ** ■  ?'}?'&**&■' lu *v* J&x 


*  eontr*C*Uiib •  *’*  ■>.;  >y  •,  V*  ^ 

9wim  fMftlai  pjiiy  to  ttov' that  ®f  hat  jfftf  [ 

prcpartiti  (12)  aM  (18).  Tha  proof, . tr&t a4pnol4ipV: 
of  tha  ataputatlonai  al^erjtha*  1*  obtalnjtf .  by  oonatfuatiaff/ ^  J 
[•T1  froa  ®Ta  ualisfc  tha  ralatlana 

'  ’  ^ 

(?5)  Pi  -  3i  -  (VffH  •  ft  /*  »)  •  1 

p;  -  ♦  (yv#*  ^  ^ 

whara  p?  Is  tha  1th  row  of  (B#J“*.  ▼•rlfy  that  (25)  It 

•  • 

indaad  tha  lnvaraa  6 1  B*,  ona  nptaa  frop  (25)  that  for  1  /  r  v  ‘ 

’  •  i  * 

tha  valuta  P£fj  art  tha  saat  at  P^j^  *  0-  (or  1  If  1  •  k); 
moraovar,  It  rollout  raadlly  froa  tha  daflnltlona  of  glvan  In 
(20)  that  p*f  -  1  and  P*P  -  0  for  l  f  r.  ~'\ 

Tha  requlrad  propartlaa  of  ara  lmaadlataly  avldant: 

Thus,  the  first  non-saro  coaponant  uf  P*  la  poaltlva  bacadba  .. 

pr  haa  thle  proparty  and  vp  >  0.  Maxt,  for  all  othtr  “ 

(l  •  1,  2,  ••*,  a)  tha  proparty  auat  hold  if  <  0  ainca  pj  la  ^ 


the  sun  ..f  two  /ectors  with  tM#  property.  If  v,  p  G  then 

a 

>  G  by  [?2)  ani  (?3>  •  Finally  we  n  te  that  the  reiat*.  v  r. 

$  u  6  (  »nj  not  ^  >  £  )  nolds  because  3r»  a  r*uw  f  ■'  *  n  r.- 

f 

sing  uar  matrix,  possesses  at  .east  one  non-zer  component  end 
3*  Is  fcrr.ed  Ly  subtracting  l’rr  m  &  a  vector  (v  /v  ,/3  where 


v  >  o,  v  >  C,  nence,  (ic)  he  ids  and  the  proof  le  c  nr  let e. 


EXAMPLE 


Solve  the  3  x  (>  game  matrix  M 


3  3  2  2  h 


6*0  4 


6  ? 


0  7 


6  ?  ? 


fr  n  J.  D.  Williams’  Toe  Comp  lea t  Strategyat ,  Chapter  3, 

Exercise  10,  [t  ]  .  Element  (u?1)  -f  M  has  been  starred.  It  will 


he  noted  that  this  Is  tne  maxims;  element  In  the  first  column. 


For  convenience,  below,  the  second  and  tnlrd  rows  nave  teen 


Inter* ’hanged  to  that  this  element  appears  in  tr.*»  bottom  position 


J'  this  O'.  l.iT.n  ’n  forming  the  augment  el  matrix,  l?0 ,  ?  yfj 


given  bel  w: 


*  ►: 


r*' 
■  * 


Initial  Iteration 

The  Initial  basis,  B  -  B  ,  consists  of  P  ,  P^,  (P?  •  0^ ) , 
(Pp  »  UM  .  The  Inverse  of  b,  (given  below)  la  determined  by 

v  C  b 

f  rm»iia  (13)-  Trie  entries  v^  shown,  for  the  moment,  canr.  t  be 
Ml  led  In  v»ntil  P_  la  first  determined. 


f  /So  1  re 

K  1  0 

b  -  ■ 

h  ?  ' 

_h  J  [6  0 

Next,  P„  -  P3  Is  determined  ty 

3  c 


*oPs  *  PJ?  *  A,PJ  *  6  >  ° 

J/*0 

a  that  the  entries  v,  -fl,Pa  (given  above)  can  now  be  computed. 

1  1  S  f 

The  column  r  tc  be  dropped  from  the  basis  Is  determined  by 
farming  tne  lexicographic  minimum  cf  the  vectors.  See  paragraph  2 


l,  V  6  -  l,  ‘\  P2  -  Nln  (leulco.)  (l/V,  ^ 

r  r  *  (*;>(),  IfO) 


Drop  ccl  r  •  2;  1  e . ,  P?. 


Iteration 

The  next  t  isls 

*  *  •) 
a  i 


•  4  ’,** 

s  B#  -  bA  18  lyr>.  P,  •  P(, •  PuJ  •  To  obtain  ^  ,‘Jf* 

|  -  (9,  -  (V'r^r'  (k  <*  r)  and  *  ( 1/Vr ,'j 


1  ts  Inverse  ae*  : 


where  r  •  2  where  tne  saperscrlpt  (in  place  of  *)  refers  to 


where  P_  • 


Pp  1 s  determined  by 


and  P , 

•'r 


fi^P.  -  fl‘P.  »  Max  3lp- 

Po  a  Poi  j^o  '  J 


P,  «  le  determined  by 
*3 


(l/vjpi  -  4  pi  -  Min  (:exlc  (*,','<0; 
r  r  ^  v  w  |  >  0 »  •>  ^  -  ' 


2nd  (Pina i )  Iteration 


vrtro 


*  *»  ^  *  *  w~w  *> 

-M 


•  > 

•  n 


2 

where  ho  P_  can  be  determined  since  A  P4  <  0  for  J  >  1.  Thu# 

8  o  j  —  — 

/  .  A  ^ 

an  optimal  solution  has  been  obtained  (from  top  row)  x1  •  ^  -sfc 

*  C,  A  C,  .  .  .  A  1A  A  '  " 

*2  *  -jt  *  x3  "  and  (from  column)  ^  •  yg »  y2  *  ^  » . 


^  where  all  other  y^  •  0.  Tne  "value  of  the  game"  (fro»;/*J 

a  ■  *  cjq 

upper  left'  corner)  le  xQ  •  yQ  •  ^  .  It  will  be  note*  that 


actually  62P.  *  C  for  all  J  >  1,  which  means  there  exist  other  :i 
J  *>  -  *  .  4t  ) 


bases  and  corresponding  solutions.  Williams  shows  in  Me  book 

S*. 


ln  all,  eight  such  solutions. 
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